Fig. 1 The original
CPS geometry. W
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AN ANALYSIS OF ENCLOSED
COPLANAR STRIPS

With the increasing use of high speed digital circuits in modern electronic
devices, coplanar stripline (CPS) transmission lines are of major importance as
interconnecting lines. For example, the high speed digital circuits used in
differential receivers operate best when fed using CPS balanced transmission
lines. However, the theoretical CPS geometry and associated current design
equations do not take into account the presence of a bottom ground conductor,
which is often present in printed circuit board MIC or MMIC configurations.
When a bottom ground conductor is inserted below a CPS, the resulting structure
is a conductor-backed coplanar strip (CBCPS). Such a configuration is often
encountered in microwave mixers as well. In addition, until today no simulation
model in CAD tools existed for these CBCPS transmission lines. Using current
quasistatic analysis, this article develops simple closed-form equations for
characteristic impedance and effective dielectric constant for CBCPSs and
considers the effect of a top ground cover. These equations are well suited for

implementation in CAD simulations tools.

Figure 1. In practice, two conductor
strips of equal width w are placed near
each other at a c%stance s, positioned above a
dielectric plane of theoretically infinite thick-
ness h. This transmission line was first intro-
duced by C.P. Wen! as the complementary
case of another well-known and used trans-
mission line, the coplanar waveguide (CPW),
shown in Figure 2. Wen used a
W conformal mapping technique
w to obtain the characteristic im-
pedance § and effective relative
dielectric constant €,, for CPW.
He made the assumptions of a
dielectric of infinite thickness
and conductors of negligible
thickness t. By duality, the re-
sults of this CPW analysis are
applied to CPS.

The original CPS geometry is shown in

The first practical difference from the orig-
inal CPS analysis is that, in practice, the sub-
strate’s thickness h is a finite dimension. The
first study to account for this change was

A Fig. 2 Coplanar waveguide.
[Continued on page 316]
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made by J.B. Knorr and K.D. Kuch-
ler? with a full-wave analysis, and
then by others with quasistatic34 or
full-wave methods.5 Assuming that
complementary lines give equal
phase speed for a signal, L]. Bah! et
al.% have developed expressions for
CPS characteristic impedance and ef-
fective dielectric constant that con-
sider the finite h value.

The second difference is the in-
evitable conductor thickness t. The
resulting effect was originally evaluat-
ed by H.A. Wheeler? for the mi-
crostrip case and subsequently ap-
plied to CPS by K.C. Gupta et al. In
detail, an extra width dw function of t
is added to each strip width, and a
new CPS with zero-thiclmess conduc-
tors is evaluated. The dimensions of
the CPS are

w, =w+ dw
s=s—dw (1)

where

gy = 125t [1 +h{4nw J]
b 9 t
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Unequal-width CPS configurations
have%ecn studied by I. Kneppo and
J. Gotzman® and losses have been ex-
amined by K.C. Gupta® et al. High
:i)eed pulse propagation in CPSs has

so been investigated,?10 verifying
the %lood capability of this transmis-
sion line for that purpose.

CBCPS ANALYSIS

The CBCPS geomerrical structure
to be analyzed is shown in Figure 3.
It is assumed that a pure TEM mode
propagates in this transmission line.
{This assumption is true only if a ho-
mogeneous dielectric media sur-
rounds the strips.) The conductor
thickness t is assumned to be infinitesi-
mal. The specialized theoretical
analysis of this structure is performed
once for the top-side half-space and
once for the bottom dielectric space.
This method of proceeding is suitable
when a confermal transformation
methodl! is employed for the analy-
sis, as in this case.

Observing the electric field
strength lines shown in Figure 4, an
ideal electric plane (IEP) can be

A%

CRCLE 230

placed at the middle of the spacing s
and orthogonal to the ground plane
to simplify the analysis. According to
the TEM propagation mode this as-
sumption is believed to be true. Due
to this symmetry, only one-half of the
bottom side, indicated with BL and

| FREE A =
A Fig. 3 The CBCPS’s geometrical
structure,

W Fig. 4 Electric field strength.

{Continued on page 318}
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of the structure.
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BR, is analyzed, as shown in Figure
5. This geometry will be transformed
into the T-plane structure displayed
in the figure. However, note that the
capacitance evaluated in the T-plane
structure is two times that for the
complete CBCPS structure since
one-half of the distance s is being
considered in the T plane.

The transformation between the Z
and R planes is performed using the
equation z = Al} + B where A and B
are constants. I, is expressed as

I = I(r + 1)_”2r_l "2dr (3)

This transformation maps the BR re-
gion of the Z plane into the upper
plane of the R plane. Solving the pre-
vious simple integral and applying the
tﬁ = 0(—)1'6 =-1 and = —jE(—)rl =0
relationships, the desired trans-
formation is

z= &ln(wl;+m)—jh {4)
n

TECHNICAL FEATURE

and
= = cosh 2|12
T, =—cCos ( oh J
and
rg=-— coshz(%é-} (5)
The geometry in the R plane is then

mapped to the T plane through an-
other Schwarz-Christoffel!2? transfor-
mation t = CI, + D. The integral in-
volved in such a transformation is ex-
pressed as

12=

Jletf bl el
(6)
that with the variable substitution

L= (1 --|r5|)v2 -1 (7)

can be transformed in the elliptic in-
tegral of first kind F(v, p},),13 with pa-
rameter py, given by

Rzs
senh( oh J

=)
nh| =4

senh(EJ
& - (8

{3

Thus, the final transforming equation
can be written as

t=QF(v,pp) +E (9)

where Q and E are constants.

Applying the relationships tg =
0(—)1’6 = —1, t4 =-1 —jd(—)r =TIy and t5
= —jder = 5, the desired value of d is
K(pp/K(py'}, where K{() is the com-
Elete elliptic integral of the first
ind.13 The primec% parameters are
the so-called complementary parame-
ters and are evaluated as p' = (1 -
p?)%5. Therefore, the resulting capac-
itance per unit length of the T-plane
structure is Cy,; = €4, K(p},')/K(pp)
and, consequently, the bottom capac-
itance of the Z plane is

_ 05eqe,K(py)

= (10}
" K(p) ’

The ratio of the elliptic integral
was evaluated by W. Hilberg,! and is
given by

IA

-

for 0<p

-1
05
T ln[21—+L]} for 71_—sp51
2

1)

To evaluate the total capacitance C
per unit length of the CBCPS struc-
ture the top capacitance C, of the un-
limited top side of the CPS must be
evaluated, as shown in Figure 6. The
Schwarz-Christoffel transformation t
= GI; + H involves the integral I,
which is given by

-1/2 =Lz
I;= J(22 —z%) (22 —z%) dz
(12)
that with the variable substitution
Z= 24(]
can be rewritten as

= —(-ZI—JF(q, p) (13)

5

where

z
i
- (s+2w)

The final transforming equation is
t=LF(z,p)+M (14)

where L and M are constants.

Such a transformation maps the y
> 0 half plane of the Z plane into the
internal region of the rectangle in the-
T plane. Then, applying the relation-
ships tp = -1 + jerz =z, t; = -1z
= z5 and t; = 03z = z;, the desired
value of e is K(p'/K(p), and the re-
sulting capacitance per unit length C,

{Continued on page 320]
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for the top side of the Z plane is
0.5¢,¢,K(p')
K(p)

where g is the relative dielectric
constant of the dielectric above the
substrate. £, = 1 is assumed in eve
function unless otherwise state(?
Therefore, the resulting total capaci-
tance per unit length C of the
CBCPS is

(15)

t =

C = 0.560

£.K(p) n e, K(By) i
K(p)  X(ps)
Then, using the previous equation in

the general definition of the effective
relative dielectric constant for the

quasistatic case yields
Erel = C(Er)
Cle, =1)
E,,K(p') A E,K(pb')
Kp) ~ Kpo) o)
K(p) , Klpv)

K(p) " K(py)

Evaluating the effective relative di-
electric constant for the original CPS
produces

€y = (& ;E“) (18)

The characteristic impedance §
can be obtained by the well-known
equation for TEM transmission lines.
€ = 1/Cv, where v is the light propaga-
tion in the medium. The ﬁn£ expres-
sion is

t_’,(p,h/b,e,,ed)=

Tﬂ [Kgp)) K%Pb;] 5

Since, after a simple De I"'Hopital ap-
plication,

lmp,=p (0
the elliptic integrals evaluated with py,

cF have the same value for h—oe
and, consequently,

lim e, =€, (21)

L=

In addition, it is simple to demon-
strate that

limp, =0 (22)

h—=0

and, consequently, using Hilberg’s
equation,

lim{=0 (23)
h—0
and
lime, =¢, (24)
=0

Equation 23 is dphysica] since when
h =0 the two conductors are short cir-
cuited and the charactersitic impe-
dance of the line is, of course, zero
while Equation 24 is nonphysical. In
fact, if h = 0, no substrate with a €,
value exists, and the solution to Equa-
tion 24 is only analytical, showing that
when h = 0 the electromagnetic field
tends to be completely concentrated
in the substrate. However, it has no
physical result since for h = 0 no
transmission line exists and £ = 0.

The value g, (p, h/b, €, £4) of
Eel, NOrmalized to €, is shown in
Figure 7 as a function of p for g, =
4.7. Two sets of three curves each are
displayed: one set is for €, = 1; the
other has e, = 10. Three curves are
plotted for each set in accordance
with values of /b = 1, 2, 5. Note that
when h increases, the value of €,
decreases toward 1 if €, > €, or in-
creases toward 1 if €, < . It can be
observed that the bottom ground
plane forces the electromagnetic field
to be concentrated in the bottom

, 4.7, 10)
, 4.2, 10}
, 4.7, 10}

3

N

h ol

K

-
-p---—

—

>
SN

= [

== 1.00 ===

09%2 03 04 05 06 07 o038
| P
‘ Fig.? Em(p,h/b,e,.,a,..)
as a function of p.
[Continued on page 322}
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substrate. Since the maxima or mini-
ma of the curves correspond to p =
0.6, the electromagnetic field for w/s
= 0.6 is maximally concentrated in
the substrate. An interesting graph
showing that €,,,—1 for h—e is
shown in Figure 8 for w = 200 pm, s
=100 pm and £, = 10 and 2.2 vs. h in
micrometers.

Figure 9 shows the characteristic
impedance for the CBCPS for g, =10
as a function of p and h/b equal to
0.5, 1 and 2. §, is the impedance of
the unlimited CPS (that is, the origi-
nal CPS), given by

Culpot,ee) = j:%%

An interesting function is the per-
centage error A{ between § and £, vs.
p. defined as

(25)

AC(P’h /b.e,, En) =100 KE-‘E:—EI

(26)

and shown in Figure 10. Note that
since h/b 2 3 the error is below three
percent, and this characteristic is
quite independent of the €, value.

AL (Pa hib, &, E:J

=N A WO O O

L=

it
%.Z 03 0.4 - 05 0.6 07 03

| s - P

A Fig. 10 Percentage error between the

CPSG characteristic impedance and
the impedance of the original CPS.

W Fig. 11 f,, vs. p for various values of 5.
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It is important to observe that
small values of p mean small values
for s and/or large values for w. How-
ever, this last condition is not advis-
able in practice since a large w value
causes a possible growth of spurious
modes. The existance of these un-
wanted modes in CBCPS can be rig-
orously justified with full-wave meth-
ods!5 and is still under investigation. 6
Higher order mades, essentiaﬁy trans-
verse modes, are also possible starting
at a frequency £, approximated by

(27)

where
v, = free space speed of light

Figure 11 shows the results when
the expression in Equation 17 is sub-
stituted for g.,. Using different val-
ues of h/b it is simple to verify that
the frequency f,, decreases if h/b is
decreased.

{Continted on page 324]
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CONDUCTOR-BACKED AND
TOP-SHIELDED CPS ANALYSIS

Figure 12 shows the %eometncal
structure of a conductor-backed and
top-shielded CPS. In practice, a top
ground conductor is p?aced over the
CPS’s two conductor layers at a dis-
tance h,. The analysis of this structure is

A Flg 12 A conductor-backed
and top-shielded coplanar strip.

¥ Fig. 13 £, 00p.

_Eﬂh ‘Pl 1- 1.' 4"0 10)
~— Eretn {p, 1, 2, 4.7, 10)
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— Ergtn (P- 11,47, 1)
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$ 1.01 bt

1.00
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0.2 03 04 05 04 07 08
! [

e

fe)

performed in a fashion similar to the
Ereviously completed evaluation of the
ottom capacitance. However, in this
case the analysis also must be applied
for the region between the top ground
conductor and the CPS layer. There-
fore, the equivalent capacitance C; of
the structure and its eg'ech've relative
dielectric constant are expressed as

s enkled) K] oo
c,uo.senl K(Pl:) + K(Pl: ) ][ )

EHK(pt') + E,K(pb')
s = Elpt) EK(p2) R
" K Key)

K(p.) * K(ps)

where p, is given by the previously
displayed graph of €, vs. h, replacing
h with h;. Note also in this case that

lim g, =¢€,. (30)
hyh—oe
The characteristic impedance is now
given by
240r | K(p. K(Pb')}-l
Gi= —t 4 (31)
C Vew [K(Pt) K(ps)

where £, is given in Equation 20. Of
course, the primed parameters py
and p, are the complementmy para-
meters p and p,

ue Emm p, h/b, hy/b, €, €,)
of et normahzed to g, is shown in

—ALedp. 1, 1,22, 1}— AL {p, 1,1, 4.7, 1)
—ale (p. 1, 1,10, 1) —aL:(p, 1,1, 12.8, 1)

8.0
3 ss

£ P ™
f 5.0

4.5 -

- 4.0 Pl
,,g. 1 /,;.-—' —_—
K%

3'3.2 03 04 05 046 07 038
- P
A\ Fig. 14 Change in characteriatic
impedance vs. p.

Figure 13 as a function of p with /b
=1 and g, = 4.7. Two sets of three
curves each are displayed: one set is
for €, = 1; the other has g, = 10. For
each set, three curves are drawn in
accordance with hyb = 1, 2, 5 values.
Nate that when b, increases the value
of &, decreases toward 1 if &, < g,
or increases toward 1 if g > g, It is
simple to verify that

lim g, =€, (32)

hy—=
The percentage error AL, between T,
and { vs. p, defined as

AGy(p.h/bh, /b, g ) =
100(z;_gt)
g
is shown in Figure 14, with h/b =

heb=1.

{33}
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CONCLUSION
A quasistatic approach has been
used to study CBCPS. Formulas for
characteristic impedance and effective
dielectric constants have been given,
which are well suited to be simp%;/ im-
Elemented in CAD simulation tools to
elp design microwave devices employ-
irl;% balanced transmission lines. The re-
sults of the analysis show that the effect
of the bottom ground conductor de-
creases the characteristic impedance of
the CPS. A top-shielded CBCPS also
has been studied, and analysis formulas
have been given for this transmission
line configuration. W
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